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We extend the well-known static duality [1, 2] between 1-D Bosons and 1-D Fermions to the
dynamical version. By utilizing this dynamical duality we find the duality of non-equilibrium
work distributions between interacting 1-D bosonic (Lieb-Liniger model) and 1-D fermionic (Cheon-
Shigehara model) systems with dual contact interactions. As a special case, the work distribution
of the Tonks-Girardeau (TG) gas is identical to that of 1-D free fermionic system even though
their momentum distributions are significantly different. In the classical limit, the work distribu-
tions of Lieb-Liniger models (Cheon-Shigehara models) with arbitrary coupling strength converge
to that of the 1-D noninteracting distinguishable particles, although their elemetary excitations
(quasi-particles) obey different statistics, e.g. the Bose-Einstein, the Fermi-Dirac and the fractional
statistics. We also present numerical results of the work distributions of Lieb-Liniger model with
various coupling strengths, which demonstrate the convergence of work distributions in the classical
limit.
PACS numbers: 05.70 Ln, 03.65 Ge, 34.10 +x, 71.10 Pm
I. INTRODUCTION
Nonequilibrium phenomena in quantum many-body
systems are among the most fundamental and intriguing
phenomena in physics. In the past two decades, nonequi-
librium work relations [3], including Jarzynski equality
[4], Crooks fluctuation theorem [5], Hummer-Szabo rela-
tion [6] and Hatano-Sasa relation [7], have attracted lots
of attention. These relations, collectively known as fluc-
tuation theorems [8], have shed new light on our under-
standing of the far-from equilibrium statistical physics.
The validity of the classical version of these relations have
been tested and confirmed in various systems [9–12]. In
the past few years, the quantum version of these relations
have been studied extensively [13, 14]. It is found that
the quantum work determined by the so-called two-time
energy measurement scenario, one at the beginning and
one at the end of the protocol, turns out to be effective
when there is no heat transfer between the system and
the bath. More recently, some experiments have been
carried out to measure the work distributions and verify
the fluctuation relations in the quantum regime [15–18].
These theoretical and experimental studies have opened
a new avenue to study the nonequilibrium thermodynam-
ics in the quantum regime [19–31].
Previous explorations of quantum work relations have
been mostly focused on either single-particle systems,
such as the parametric harmonic oscillator [32, 33], a
single particle in a time-dependent piston [34–36] and
two-level systems [37], or a sudden quench process of a
quantum many-body system [38–40]. Although work dis-
tributions in ideal quantum gases have been considered
∗ Email:htquan@pku.edu.cn
in Ref. [41], few efforts have been devoted to the study
of work distributions of interacting quantum many-body
systems in an arbitrary driven process (but see Refs. [42–
46]). However in real world, most quantum systems are
interacting many-body systems and the driven processes
are usually not sudden quench processes. The quantum
correlation and interaction make it difficult to study the
non-equilibrium dynamics, because quantum scattering
of identical particles display both single and many-body
interference [47]. The theoretical study of the work dis-
tributions of interacting quantum many-body systems
in arbitrary driven processes, challenging but realistic,
would be very helpful for improving our understanding
about the effects of quantum statistics and interactions
on quantum work.
Although it is difficult to study interacting quantum
many-body systems in three dimensions, fantastic results
have been obtained in many-body quantum systems in re-
duced dimensions [48, 49]. One example is the bosonoic
gas with δ interaction [50–52], which was first proposed
by Lieb and Liniger [53, 54]. Its limiting case, known
as Tonk-Girardeau (TG) gas [1], has been realized in
the optical lattice experiment [55, 56]. While most of
the theoretical studies of this model are focused on the
static properties [2, 57–60], few are devoted to the stud-
ies of time-dependent properties [61]. On the other hand,
more recently, developments in experimental techniques
have made it possible to explore such systems with tun-
able coupling strength [62, 63], which might enable one
to experimentally measure the non-equilibrium work and
study nonequilibrium statistical mechanics in the quan-
tum many-body system. Meanwhile, Lieb-Liniger model
is one of few exactly solvable quantum many-body mod-
els [64], which provides deep insights to many interesting
and important collective features of many-body phenom-
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2ena, such as quantum integrability. Hence, Lieb-Liniger
model also serves as an insightful example to illustrate
the nonequlibrium statistical properties of interacting
quantum many-body systems.
In this article, by extending the previous static dual-
ity between TG gas and the free Fermions to the dy-
namical version, we study the relation of work distribu-
tions between 1-D bosonic (Lieb-Liniger model) and 1-
D fermionic (Cheon-Shigehara model) systems with dual
contact interactions. We find that the Bose-Fermi dual-
ity and the duality in interactions “cancel” each other.
As a result, the work distributions for the two systems
are identical even though their momentum distributions
are significantly different. In addition we find that in
the classical limit, the work distributions of the Lieb-
Liniger model (Cheon-Shigehara model) converge to that
of noninteracting distinguishable particles, irrespective of
the coupling strength of the Lieb-Liniger model (Cheon-
Shigehara model). This article is organized as follows.
In Sec. II, we introduce the models and compare the
moemntum distributions of the two models. In Sec. III,
we derive the dynamical duality between 1D bosonic and
fermionic gases with dual contact interactions, as an ex-
tension of previous work on hard-core Bosons [1, 2]. In
Sec. IV, we prove the duality of work distributions be-
tween 1-D Bosons and 1-D Fermions with dual contact
interactions. In Sec. V, we find that in the classical limit,
quantum work distributions of Lieb-Liniger model con-
verge to that of the noninteracting distinguishable par-
ticles, irrespective of the coupling strength C. In sec-
tion VI, we discuss our main results and conclude the
paper. Note that throughout this paper, we would use
superscript “B” (“F”) to denote the bosonic (fermionic)
system.
II. 1-D BOSONIC AND FERMIONIC SYSTEMS
WITH DUAL CONTACT INTERACTIONS
Consider N identical Bosons in one dimension with the
contact interaction [53, 54] subjected to a time-dependent
external potential Vext(·, λ(t)), with λ(t) being the exter-
nally controlled time-dependent work parameter. The
system is described by the following Lieb-Liniger Hamil-
tonian,
HˆB(λ(t)) =
N∑
i=1
pˆi
2
2m
+
N∑
i=1
Vext(xˆi, λ(t))+
∑
i<j
δ(xˆi−xˆj , C),
(1)
where xˆi and pˆi are the position and momentum oper-
ators for the i-th particle. The two-body contact inter-
action is denoted as δ(x,C) ≡ Cδ(x), where δ(·) is the
Dirac delta function and the constant C characterizes
the coupling strength. Note that work is applied to the
system when the work parameter λ(t) is varied.
The corresponding 1-D fermionic system consists of N
identical fermions subjected to the same time-dependent
external potential. The two-body interaction in the
fermionic system that corresponds to the bosnonic con-
tact interaction is the generalized point-like potential [2],
which can be simplified in the short-range limit [65] as
follows,
ε(x,
1
C
) = lim
a→0+
(
C
2
− 1
a
)
[δ(x− a) + δ(x+ a)],
when it is applied to antisymmetric fermonic wave func-
tions. Note that this is a sensible renormalized zero-range
limit which allows the discontinuity in the wave-function
[66].
The many-body Hamiltonian of the above fermionc
system reads
HˆF (λ(t)) =
N∑
i=1
pˆi
2
2m
+
N∑
i=1
Vext(xˆi, λ(t))+
∑
i<j
ε(xˆi−xˆj , 1
C
),
(2)
where C is the coupling strength of the corresponding
bosonic system. It’s worth noting that this interaction
is attractive when the corresponding bosonic interaction
is repulsive C > 0. Note that we have set the coupling
strength in Eqs. (1) and (2) to be the inverse of each
other.
For an arbitrary fixed work parameter λ, the
time-independent Schro¨dinger equation of the bosonic
(fermionic) systems can be written as follows,
HˆB,F (λ)φB,Fn (x;λ) = E
B,F
n (λ)φ
B,F
n (x;λ), (3)
where φB,Fn (x;λ) and E
B,F
n (λ) denote the eigenstates and
eigenenergies of the bosonic (fermionic) system with x ≡
(x1, x2, . . . , xN ). As shown in Ref. [2], the bosonic and
fermionic systems with dual contact interaction have the
same eigenenergies, EBn (λ) = E
F
n (λ) ≡ En(λ), and their
eigenstates are related by the following relation,
φFn (x;λ) = A(x)φ
B
n (x;λ), (4)
where A(x) ≡∏i<j sign(xj − xi).
From the mapping of the eigenstates (4), it is straight-
forward to see that the spatial probability distribu-
tions
∣∣φB,Fn (x;λ)∣∣2 are the same for the bosonic and
the fermionic systems with dual contact interactions.
However, due to the existence of A(x), the momentum
probability distributions
∣∣∣φ˜B,Fn (k;λ)∣∣∣2 are quite different,
where the wave function in momentum space is obtained
by the Fourier transform,
φ˜B,Fn (k;λ) = (2pi)
−N/2
∫
e−ik·xφB,Fn (x;λ)d
Nx. (5)
It has been known for many decades [67, 68] that when
C → +∞, the momentum distributions of the corre-
sponding eigenstates of 1-D free Fermions and TG gas
will be different. This result is also true for any finite C.
In Fig. 1, for a finite C we show representative results
of the spatial and momentum probability distributions
of two-particle bosonic and fermionic systems with dual
3contact interactions confined in a 1-D box. It can be
seen that the eigenstates for Bosons and Fermions have
different momentum distributions. Also, we would like to
emphasize that the mapping (4) of the eigenstate wave-
functions exists in the position representation only. In
the momentum representation there is no such a map-
ping.
Since the work applied to the system, when the bound-
ary of the box is moved, depends on the momentum of the
particles inside the box, naively, one might expect that
the work distributions will be different for 1-D bosonic
(1) and fermionic (2) systems with dual contact interac-
tions. However, this intuition turns out to be incorrect.
III. DYNAMICAL DUALITY OF 1D BOSONS
AND FERMIONS WITH DUAL CONTACT
INTERACTIONS
In this section we extend the duality about the energy
eigenstates [2] of the two systems to the time evolution
of the wave function. Let the initial states of the bosonic
and fermionic systems be related by the following relation
at t = 0,
ψB0 (x) = A(x)ψ
F
0 (x), (6)
where ψ
F (B)
0 (x) is an arbitrary N -body antisymmetric
(symmetric) wave function, and A (x) ≡ ∏i<j sign(xi −
xj) bridges different symmetries between the bosonic and
fermionic systems. Here we emphasize that ψB,F0 (x) is
not necessarily the energy eigenstate, even though in Ref.
[2] a relation between the energy eigenstates of Eq. (1)
and Eq. (2) is established.
The time evolution of the bonsonic and ferminonic sys-
tems are governed by the time-dependent Schro¨dinger
equations,
i~
∂
∂t
ψB,F (x, t) = HˆB,F (x, λ(t))ψB,F (x, t), (7)
where ψB,F (x, t) is the time-dependent N -body wave
functions of the bosonic and fermionic systems with ini-
tial conditions ψB,F (x, 0) = ψB,F0 (x). Hˆ
B,F (x, λ(t)) are
the Hamilonians in Eq. (1) and Eq. (2), respectively.
Let us consider a pair of models described by Eqs. (1)
and (2) respectively. We put both systems in the same 1-
D box potential whose boundary moves according to the
same predetermined protocol λ(t) [69]. The coordinates
of the two boundaries of the 1-D box are denoted as 0
and λ(t), respectively. Absorbing boundary conditions
are assumed for both systems [70]
ψB,F (x, t)
∣∣
xi=0 or λ(t) = 0, (8)
for i = 1, 2 . . . N .
The dynamical duality of 1-D bosonic and fermionic
systems can be expressed as follows. If the initial wave
functions of the bosonic and fermionic systems are related
by Eq. (6), the time evolutions of the wave functions at
an arbitrary time t > 0 are related by the same A(x)
ψB(x, t) = A(x)ψF (x, t). (9)
The detailed proof of this dynamical duality is given in
Appendix A.
Using the dynamical duality (9), we can easily prove
that the time evolutions of the expectation values of any
physical observable of these two systems are identical.
However, since Bosons and Fermions obey different per-
mutation relations, the distributions of some physical ob-
servables, e.g., momentum, of the two systems may be
different, as indicated in Refs. [67, 68] (see Fig. 1).
IV. DUALITY OF WORK DISTRIBUTIONS
Having established the dynamical duality (9), we will
consider the non-equilibrium work distributions of the
bosonic (1) and fermionic (2) systems with dual contact
interactions in this section. Without heat transfer, the
quantum work for a particular realization is determined
by the two energy projective measurements right before
and after the driving process,
Wni,nf = Enf (λf )− Eni(λi), (10)
where En(λ) denotes the n-th energy eigenvalue of the
many-body system with the work parameter equal to λ
and λi(λf ) is the inital (final) value of the work param-
eter. For a predetermined protocol λ(t) with the total
time duration τ , λi = λ(0) and λf = λ(τ). ni (nf ) de-
notes the quantum number of the initial (final) energy
eigenstates. Here the work parameter λ(t) is the width
of the 1-D box potential.
The distribution function of work can be formally writ-
ten as [71]
P (W ) =
∑
ni,nf
Pi(ni)P (nf |ni)δ(W −Wni,nf ), (11)
where Pi(n) ≡ Z−1i exp [−βEn(λi)] is the thermal equi-
librium distribution corresponding to the initial Hamilto-
nian with the partition function Zi ≡
∑
n e
−βEn(λi) and
the inverse temperature β = (kBT )
−1
. P (nf |ni) is the
transition probability from the initial state ni to the final
state nf .
P (nf |ni) =
∣∣∣〈nf (λf )|Uˆ(τ)|ni(λi)〉∣∣∣2 (12)
= |〈nf (λf )|ψni(τ)〉|2 ,
where {|n(λ)〉} is the n-th energy eigenstate of the Hamil-
tonian corresponding to the work parameter λ, whose en-
ergy spectrum is denoted as {En(λ)}. Given the initial
state |ni(λi)〉, the final state is |ψni(τ)〉 ≡ Uˆ(τ) |ni(λi)〉,
where the evolution operator Uˆ(t) satisfies i~∂Uˆ(t)∂t =
Hˆ(λ(t))Uˆ(t). The summation in Eq. (11) is over all
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FIG. 1: The spatial and momentum probability distributions for the ground and the first excited states of
two-particle bosonic (1) or fermionic (2) systems confined in a 1-D box. The positions x1,2 and the wave vectors k1,2
are in units of λ and λ−1, respectively, with λ being the width of the 1-D box. The dimensionless coupling strength
is chosen to be α ≡ ~−2mλC = 5.
initial and final energy eigenstates, namely all possible
“trajectories”.
As shown in Ref. [2], the energy spectra of the bosonic
(1) and fermionic (2) systems with dual contact interac-
tions are identical. Thus the following relations hold true
at the initial (t = 0) and final (t = τ) moments of time,
EFn (λi,f ) = E
B
n (λi,f ).
Moreover, the eigenstates are also related by the follow-
ing relations,
φBn (x, λi,f ) = A(x)φ
F
n (x, λi,f ), (13)
φB,Fn (x, λi,f ) ≡
〈
x|nB,F (λi,f )
〉
is the wave function of
the nth energy eigenstate. Substituting these relations
and Eq. (9) into Eqs. (10)–(12) and noticing the fact
that |A (x)|2 = 1, it is straightforward to obtain
PB(W ) = PF (W ). (14)
where PB(W ) (PF (W )) are the work distributions of
the bosonic (1) and fermionic systems (2). Note that Eq.
(14) is valid for an arbitrary coupling strength C, and
an arbitrary driving protocol λ(t). Two limiting cases of
the duality (14) are listed as follows: (I) When C →∞,
the Hamiltonian (1) describes the TG gas [1], while the
Hamiltonian (2) describes 1-D free fermions [72]. (II)
When C → 0, the Hamiltonian (1) describes free Bosons,
while the Hamiltonian (2) describes fermionic Tonks-
Girardeau gas (FTG gas) [73]. In both cases, the work
distributions of the bosonic (1) and fermionic (2) sys-
tems with dual contact interactions are identical while
their momentum distributions are qualitatively different
(see Fig. 1) [67, 68]. This is the first main result of our
paper and it is summarized in Table I.
V. CONVERGENCE OF WORK
DISTRIBUTIONS IN THE CLASSICAL LIMIT
Having established the duality of the work distribu-
tions in Table I for the bosonic (1) and the fermionic (2)
systems with dual contact interactions, in this section,
we will study the asymptotic behavior of the work dis-
tributions in the classical limit (~ → 0 or T → +∞).
We will use Lieb-Liniger model (Vext(x, λ(t)) in Eq. (1)
is a ring potential) with the coupling strength C as an
example.
In Table I, for various coupling strength C, we list
the bosonic and the fermionic systems with dual contact
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FIG. 2: Work distributions of the Lieb-Liniger models [53, 54] with various coupling strengths C and different
initial temperatures. The unit of energy is ~2/2mλ20. The protocol of changing the work parameters is chosen to be
λ(t) = 1 + vt with v = 5, t ∈ [0, 1]. The value of the inverse temperature β is shown on the top of every plot. All the
work distributions converge as the initial temperature goes to infinity.
TABLE I: Duality of work distributions for the bosonic
and fermionic systems with dual contact interactions
with various coupling strength C. For an arbitrary C,
the work distributions of Bosons and Fermions in the
same row are identical. Notice that when C > 0, the δ
interaction is repulsive while the ε interaction is
attractive.
Coupling strength C Bosons Fermions
C > 0 δ interaction ε interaction
(Lieb-Liniger [53]) (Cheon-Shigehara [2])
C → +∞ Impenetrable Free
(TG gas [1]) (Fermions)
C → 0 Free Strong attraction
(Bosons) (FTG gas [73])
interactions. In the classical limit, Table I is reduced to
Table II. In this limit, both free Bosons and free Fermions
behave like noninteracting distinguishable particles [41]
(see the second and third rows in Table II). The sys-
tems belong to the first row of Table I, in which the
coupling strength C is finite, behave like their classical
counterparts described by the corresponding Hamiltoni-
ans. Since the duality relation is independent of the val-
TABLE II: Classical limit (~→ 0 or T → +∞) of the
duality relations of work distributions (see Table I).
Work distributions of all the systems in this table are
identical irrespective of the coupling strength C. NDP
stands for noninteracting distinguishable particles.
Coupling strength C Bosons Fermions
C > 0 Impenetrable(Tonks [74]) Penetrable
C → +∞ Impenetrable (Tonks [74]) NDP
C → 0 NDP Penetrable
6ues of ~ and T , the relation still holds in the classical
limit. Namely, the systems belong to the same row of
Table II have the same work distribution. As shown in
the second and third rows of Table II, the work distri-
butions of free Bosons and free Fermions correspond to
the work distribution of noninteracting distinguishable
particles [41]. Since the work distributions of the free
Bosons and free Fermions is identical to the work distri-
butions of the limiting cases (C → 0 and C → ∞) of
Lieb-Liniger model respectively, it is reasonable to infer
that for an arbitrary coupling strength C > 0, the work
distribution still converges to that of the noninteracting
distinguishable particles. Intuitively, one can understand
the result from the equivalence between the noninteract-
ing distinguishable particles and the (elastic) hard-core
gas in classical mechanical picture [75]. Numerical results
in Fig. 2 show the tendency of the convergence of work
distributions as the initial temperature increases. In the
following we give a quantitative analysis to justify the
convergence of work distributions of Lieb-Liniger model
[53, 54] with various coupling strengths C in the classical
limit.
As an illustration, let us consider the work distribu-
tions of Lieb-Liniger model in the quantum adiabatic pro-
cess (infinitely slow change of the work parameter λ(t)).
The coupling strength C can be an arbitrary number.
For convenience, suppose the system is in a ring with the
circumference λ and the periodic boundary condition is
assumed. We set 2m = 1. When λ is changed from λi to
λf , work is performed to the system. By definition (11)
and the adiabatic theorem, there is no interstate transi-
tion. i.e. P (nf |ni) = δni,nf . Thus, the work distribution
is reduced to
P (W ) =
∑
ni
Pi(ni)δ(W − (Eni(λf )− Eni(λi))). (15)
Our goal is to estimate Eq. (15) for Lieb-Liniger model
with an arbitrary C in the classical limit T → +∞ (β →
0) or ~→ 0.
The eigenenergies En(λ) are determined through
En(λ) ≡ EI1,I2...IN (λ) ≡ EI(λ) =
∑
i ~2ki(λ)2, where
{Ii}Ni=1 is a complete set of quantum numbers for an en-
ergy eigenstate. Here {ki}Ni=1 are solutions to the tran-
scendental equations [53]:
klλ = 2piIl − 2
N∑
j=1
θ(kl − kj), l = 1, 2, ...N
Il ∈ N, if N = odd,
Il ∈ N+ 1
2
, if N = even,
(16)
where θ(k) = arctan2~
2k
C .
It has been proved [58] that for a given set of {Ii}Ni=1
(I1 < I2... < IN ), Eq (16) has a unique set of solutions
for {ki}Ni=1 (k1 < k2 < ...kN ), which determines a unique
energy eigenstate of the system.
We introduce the characteristic function of Eq. (15) as
follows:
G(ν) =
∫ +∞
−∞
P (W )eiνW
=
∑
I exp(−βEI(λi))exp(iν(EI(λf )− EI(λi)))∑
I exp(−βEI(λi))
,
(17)
where the summation is over all possible I1 < I2... < IN
in Eq (16).
The nth moment of the work distribution is
〈Wn〉 = Z−1
∑
I
exp(−βEI(λi))(EI(λf )− EI(λi))n.
(18)
In the classical limit β → 0 or ~ → 0, exp(−βEI(λi))
∼ 1. So in this limit Eq. (18) is dominated by the terms
with large values of work. Let’s consider the work related
to an energy eigenstate characterized by the quantum
numbers I= (I1, I2..IN ),
EI(λf )− EI(λi) = ~2
N∑
l=1
(kl(λf )
2 − kl(λi)2)
=
N∑
l=1
4~2[(
1
λ2f
− 1
λ2i
)pi2I2l
− 2piIl
N∑
j=1
(
θ(kl(λf )− kj(λf ))
λ2f
− θ(kl(λi)− kj(λi))
λ2i
)
+
∑N
j,s=1 θ(kl(λf )− kj(λf ))θ(kl(λf )− ks(λf ))
λ2f
−
∑N
j,s=1 θ(kl(λi)− kj(λi))θ(kl(λi)− ks(λi))
λ2i
].
(19)
The first term on the right hand side of Eq. (19) is
much larger than the remaining terms when |Il|  piN/2
for l = 1, 2...N , because |∑Nj=1 θ(k)| < N/2.
As a result, when |Il|  N2 for l = 1, 2...N , we have
EI(λf )− EI(λi) '
N∑
l=1
4~2(
1
λ2f
− 1
λ2i
)pi2I2l , (20)
which is the eigenenergy difference of N noninteracting
distinguishable particles in a ring. Note that in the clas-
sical limit, the dominate contributions in Eq. (18) come
from those states in which |Il|  N/2. Therefore, from
the above analysis, we find that in the classical limit
β → 0 or ~ → 0 the nth moment of work distribution
is approximately independent of C and is approximately
equal to that of noninteracting distinguishable particles
(Boltzamann particles). Alternatively,
〈Wn〉 ' 〈Wn〉cl , β → 0 or ~→ 0, (21)
7where 〈Wn〉cl denotes the n-th moment of the work dis-
tribution for noninteracting distinguishable particles in a
ring.
Eq. (21) tells us that for an arbitrary C all the mo-
ments of the work distributions of the Lieb-Liniger model
are (asymptotically) equal to those of noninteracting dis-
tinguishable particles in a ring in the classical limit.
Based on the following relation,
G(ν) = 1 +
+∞∑
n=1
(iν)n
n!
〈Wn〉 , (22)
it is straightforward to show that in the classical limit
the characteristic function of the work distributions of
the Lieb-Liniger models with various coupling strengths
converges
G(ν) ' G(ν)cl, β → 0 or ~→ 0, (23)
where G(ν)cl is the characteristic function of work distri-
bution for N noninteracting distinguishable particles in
a ring. Please note that in Ref. [41], G(ν)B ' G(ν)F '
G(ν)cl in the classical limit. Since C of the Lieb-Liniger
model can be an arbitrary number in Eq. (23), G(ν)B
an G(ν)F in Ref. [41] correspond to two limiting cases
(C → 0 and C → ∞) of our result. We would like to
emphasize that Eq.(23) is the second main result of our
paper [76].
The systems in the same column of Table I lead to dif-
ferent quantum work distributions when driven under the
same protocol, which is due to different quantum statis-
tics obeyed by the constituent (quasi-) particles of the
systems, namely the Bose-Einstein, the Fermi-Dirac or
the fractional statistics [77–80]. But in the classical limit,
such differences vanish. Namely, no matter what quan-
tum statistics they obey, in the classical limit, their work
distributions converge to the work distribution of non-
interacting distinguishable particles which satisfy Boltz-
mann statistics. A relevant result is that in the classical
limit, for an arbitrary coupling strength C, the equation
of state of the Lieb-Liniger model (1) converge to that
of the noninteracting distinguishable particles (See Ap-
pendix B). Our result can be regarded as the dynamical
extension of the results in Ref. [74], where it was found
that noninteracting distinguishable particles and classical
impenetrable particles have the same equation of state.
VI. DISCUSSION AND CONCLUSION
An intuitive explanation for the duality of the work dis-
tributions can be given as follows. As we know, interfer-
ence of identical particles will influence their probability
in real space. For free Bosons, symmetric permutation
relation results in an “effective attractive interaction”.
For free Fermions, antisymmetric permutation relation
results in an “effective repulsive interaction”. In our
model, a repulsive interaction is introduced to Bosons
(1) and an attractive one to fermions (2) to partially
cancel the “effective” interactions. Bose-Fermi duality is
cancelled out by the duality of the interactions. Some
properties of the two systems become identical. In par-
ticular, work distributions of Bosons (1) and Fermions
(2) with dual contact interactions are identical.
One of the applications of the duality (14) is to use it
as a bridge for calculating work distributions. The work
distribution of one system can be obtained by calculating
the work distribution in of its dual system. For example,
it is hard to obtain the work distributions of the TG and
FTG gases directly because both of them are strongly in-
teracting quantum many-body systems. Through the dy-
namical Bose-Fermi duality, the problem can be reduced
to the calculation of the work distribution of noninter-
acting Fermions and Bosons, which is obviously much
simpler than the original one.
In summary, in this article, we extend the well-
known static duality [1, 2] between 1-D Bosons and 1-
D Fermions to the dynamical version (9). By utilizing
this dynamical duality we find the Bose-Fermi duality of
quantum work distributions between 1-D Bosons (1) and
Fermions (2) with dual contact interaction. Particularly,
we find TG gas and 1-D free fermions, though differing
significantly from each other in momentum distributions
[67, 68], have identical quantum work distributions. In
the classical limit (β → 0 or ~ → 0), we find that work
distribution of the Lieb-Liniger model (Cheon-Shigehara
model) with an arbitrary coupling strength, converges
to that of the noninteracting distinguishable particles.
These results bring important insights to the understand-
ing of the effects of the interplay between quantum statis-
tics and interactions on quantum work in interacting
quantum many-body systems.
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Appendix A: Proof of the Dyanmical Bose-Fermi
Duality (9)
In this appendix, we prove the dynamical Bose-Fermi
duality, which asserts that if the wave function of the
initial states of the two systems are related by Eq. (6),
then the time evolution of the wave functions is always
related by Eq. (9).
Let us consider the time-independent Schro¨dinger
equation (3). Note that the contact interactions for both
the bosonic (1) and fermionc (2) systems have nonvan-
ishing effects only when the coordinates of two particles
8overlap. As a consequence, in the region R1(t) ⊂ RN
with 0 ≤ x1 ≤ x2 ≤ . . . ≤ xN ≤ λ(t), the Hamiltoni-
ans of both the interacting Bosons (1) and the interact-
ing Fermions (2) coincide with that of the noninteracting
particles,
HˆB,FR1 (λ(t)) = Hˆ0(λ(t)) =
N∑
i=1
pˆ2i
2m
+
N∑
i=1
Vext(xˆi, λ(t)).
Thus in region R1, the time-independent Schro¨dinger
equation (3) is reduced to the following equation,
Hˆ0(λ(t))φ
B,F
n (x;λ(t)) = E
B,F
n (λ(t))φ
B,F
n (x;λ(t)) ,(A1)
with the absorbing boundary condition
φB,Fn (x;λ(t))
∣∣
xi=0orλ(t)
= 0. (A2)
Except for the physical boundaries xi = 0 or λ(t)
induced by the external potential, there are additional
boundaries determined by xi = xj with i 6= j, which
physically means that the particle i and particle j over-
lap. At this boundary, the wave functions for bosonic (1)
and fermionic (2) systems connect in different ways.
For the bosonic system, the energy eigenstates satisfy
the following relations at the boundary xi = xj ,
φBn (x;λ(t))
∣∣
xi=x
−
j
= φBn (x;λ(t))
∣∣
xi=x
+
j
, (A3)
∂φBn (x;λ(t))
∂xi
|xi=x−j = −
∂φBn (x;λ(t))
∂xi
|xi=x+j ,
while for the fermionic system, the energy eigenstates
satisfy the following relations,
φFn (x;λ(t))
∣∣
xi=x
−
j
= − φFn (x;λ(t))
∣∣
xi=x
+
j
, (A4)
∂φFn (x;λ(t))
∂xi
|xi=x−j =
∂φFn (x;λ(t))
∂xi
|xi=x+j .
The physical intuition of the above two sets of boundary
conditions is that at the boundaries, the bosonic energy
eigenstates are continuous while their spatial derivatives
are reversed, and the situation is interchanged for the
fermionic energy eigenstates.
Then we turn to investigate effects of the contact inter-
actions on the bosonic and fermionic energy eigenstate.
Note that the contact interactions have non-vanishing ef-
fects only when two particles overlap. The effect of the
δ-function potential in the bosonic system with respect
to xi and xi+1 can be expressed as follows,
∂φBn (x;λ(t))
∂xi
|x
+
i+1
x−i+1
=
mC
~2
φBn (x;λ(t))
∣∣∣∣
xi=xi+1
, (A5)
∂φBn (x;λ(t))
∂xi+1
|x
+
i
x−i
=
mC
~2
φBn (x;λ(t))
∣∣∣∣
xi+1=xi
.
While for the fermionic system, the ε-function potential
relates the energy eigenstates and their spatial derivatives
at the boundary in the following way [66],
φFn (x;λ(t))
∣∣xi=x+i+1
xi=x
−
i+1
=
~2
mC
∂φFn (x;λ(t))
∂xi
|x−i+1 , (A6)
φFn (x;λ(t))
∣∣xi+1=x+i
xi+1=x
−
i
=
~2
mC
∂φFn (x;λ(t))
∂xi
|x−i .
Combining Eqs. (A3) and (A5) for the bosonic system,
and Eqs. (A4) and (A6) for the fermionic system, we ob-
tain the extra boundary condition for energy eigenstates
in region R1 as follows,
−( ∂
∂xi
+
∂
∂xi+1
)φB,Fn (x;λ(t))|xi=x−i+1
=
mC
~2
φB,Fn (x;λ(t))
∣∣∣∣
xi=x
−
i+1
.
(A7)
It is clear at this stage that in region R1, the time-
independent Schro¨dinger equation (A1), the absorbing
boundary condition (A2), and the extra boundary condi-
tions (A7) for the bosonic and fermionc systems are the
same. Thus it is natural that the bosonic and fermionc
systems have identical instantaneous energy spectra and
their instantaneous energy eigenstates in this region are
the same [2],
EBn (λ(t)) = E
F
n (λ(t)), (A8)
φBn (x;λ(t))
∣∣
x∈R1 = φ
F
n (x;λ(t))
∣∣
x∈R1 .
The N -particle instantaueous energy eigenstates de-
fined in other regions can be obtained by the permutation
operation
φB,Fn (x;λ(t)) = (±1)P φB,Fn (P (x);λ(t)) |P (x)∈R1
with the + (−) sign for the bosonic (fermionic) system.
Here P (x) = (xP1 , xP2 , . . . , xPN ) is a permutation of x
that satisfies 0 ≤ xP1 ≤ xP2 ≤ . . . ≤ xPN ≤ λ(t)
with P denoting the permutation operation. Thus it’s
straightforward to see that there is a one-to-one map-
ping between the instantaneous energy eigenstates for the
bosonic (1) and fermionic (2) systems [2],
φFn (x; t) = A(x)φ
B
n (x;λ(t)), (A9)
where A(x) =
∏
i>j sign(xi − xj).
In order to reveal the dyanmical Bose-Fermi duality, we
expand the time-dependent wave functions ψB,F (x, t) in
terms of the instantaneous energy eigenstates,
ψB,F (x, λ(t)) =
∑
n
CB,Fn (t)φ
B,F
n (x;λ(t)). (A10)
The time-dependent Schro¨dinger equation (7) can be
written as a set of differential equations for the expansion
coefficients,
i~C˙B,Fn (t) = En(λ(t))CB,Fn (t) (A11)
−i~
∑
m
CB,Fm (t)
〈
φB,Fn (λ(t))|∂tφB,Fm (λ(t))
〉
,
9with
〈
x|φB,Fn (λ(t))
〉 ≡ φB,Fn (x;λ(t)). By using the fact
|A(x)|2 = 1, it is easy to find that〈
φBn (λ(t))|∂tφBm(λ(t))
〉
=
〈
φFn (λ(t))|∂tφFm(λ(t))
〉
.
Thus the time-dependent expansion coefficients{
CB,Fn (t)
}
for the bosonic (1) and fermionic (2) systems
obey the same set of differential equations. With the
same initial conditions
CBn (0) = C
F
n (0), (A12)
which is equivalent to the initial condition for the wave
functions (6), one can obtain the following set of rela-
tions,
CBn (t) = C
F
n (t). (A13)
Combining Eqs. (A9), (A10) and (A13), we prove the
dynamical Bose-Fermi duality (9).
Appendix B: Equation of State in the Classical Limit
To see the quantum-classical transition more clearly,
we now consider the equation of state for the Lieb-Liniger
model and calculate the quantum corrections to the equa-
tion of state of the noninteracting distinguishable parti-
cles. According to Ref. [58], in the thermodynamic limit,
the equation of state of Lieb-Liniger model is determined
by (k). (k) satisfies the following integral equation
(k) = −µ+ ~2k2 − 2C
piβ
∫ +∞
−∞
~3dq
C2 + ~4(k − q)2
× ln(1 + exp(−β(k))),
(B1)
where µ is the chemical potential of the system.
It has been shown in Ref. [58] that the solution of Eq.
(B1), (k, β, µ) is analytical in the neighborhood of any
real pair (β, µ). So we can expand exp(β(k)) in terms
of the fugacity z =exp(βµ) as follows:
exp(β(k)) =
+∞∑
n=0
an(k, β)z
n. (B2)
Inserting Eq. (B2) in Eq. (B1), we obtain
a0 = 0,
a1 = exp(−β~2k2),
a2 = −2C
pi
∫ +∞
−∞
~3e−β~2k2dq
c2 + ~4(k − q)2 .
(B3)
According to Ref. [58] the pressure can be written as
P = 12piβ
∫ +∞
−∞ ln(1 + e
−β(k))dk (B4)
= 12piβ (b1z + b2z
2 +O(z3)), (B5)
where b1 =
∫ +∞
−∞ a1dk = 2pi(
√
β~)−1, b2 =
∫ +∞
−∞ (a2 −
a21/2)dk.
The density of particle number is given by D =
∂P/∂A = βz∂P/∂z, which can be written as
D =
1
2pi
(b1z + 2b2z
2 +O(z3)). (B6)
Combining Eqs. (B3), (B4) and (B6), we obtain the
Virial expansion (see Eq. (E3.9) of Ref. [81]) of the
equation of state
Pβ
D
= 1− b2
√
βD +O(D2). (B7)
It’s not hard to find that when β~2 → 0, we have b2 → 0
and the quantum corrections vanish. Eq. (B7) becomes
P = DkBT , which is the well-known equation of state
for the noninteracting distinguishable particles.
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